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ABSTRACT

We study cocycles of an ergodic generic countable equivalence relation
R modulo meager sets. Two cocycles of R are called weakly equivalent
if they are cohomologous up to an element of AutR. It is proved that
two nontransient cocycles with values in an arbitrary countable group
are weakly equivalent if and only if their generic Mackey actions are
isomorphic.

0. Introduction

This paper proceeds with the study of cocycles in generic dynamics initiated
in [5], [6]. Recall that a feature of the generic setting is that all subjects are
studied modulo topologically negligible — meager — sets (see [19] and a survey
[20]). We consider cocycles on a generic equivalence relation, i.e. generated by a
countable homeomorphism group of a perfect Polish space, and investigate the
problem of their classification under a weak equivalence. The notion of weak
equivalence for cocycles was introduced originally in measurable dynamics (see
a survey [1]). In the generic sense it means that the cocycles are cohomologous
up to a homeomorphism that preserves the orbits ([5]). This orbit theoretical
notion generalizes the concept of weak (or, equivalently, orbit) equivalence of
dynamical systems.

The basics of generic orbit theory for countable group actions by homeomor-
phisms on a Polish space have been created in the celebrated work of Sullivan—
Weiss—Wright ([19]). They proved that, modulo meager sets, there is only one,
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up to an isomorphism, equivalence relation generated by an ergodic countable
homeomorphism group of a perfect Polish space ([19, Th. 1.8]). Thus it turned
out that the situations in the orbit theory of generic and amenable measurable
countable dynamical systems systems are very close (recall that the Connes—
Feldman—Weiss theorem says that any two free ergodic measure-preserving ac-
tions of countable amenable groups on Lebesgue space are orbit equivalent {3]).
At the same time the cocycle theory has been under an extensive research mainly
in the measure theoretic setting (we refer the reader to the surveys [1], [17], [18],
[21]). These facts motivated a parallel studying of the generic case, beginning
from the work [5]. It was proved there that any two ergodic cocycles with val-
ues in an arbitrary Polish group are weakly equivalent. This uniqueness type
theorem in generic dynamics works just as the well-known uniqueness theorem
([7], [9], [4]) for cocycles with dense ranges in measurable dynamics.

In the present paper we deal with cocycles taking values in countable groups.
Such cocycles are classified up to weak equivalence in terms of so-called Mackey
actions. The notion of generic Mackey action associated with a cocycle of a
generic equivalence relation was introduced in [6] by analogy with its measurable
version (see [15], [7]). Recall that it generalizes such concepts as the flow built
under a function and (in the measurable case) Poincaré flow. It was shown in
[6] that the generic Mackey action is an invariant of weak equivalence for Polish
group valued cocycles. Our main Theorem 2.2 says that the generic Mackey
action is a complete invariant of weak equivalence for nontransient cocycles
with values in an arbitrary countable group. The same result for the simpler
case of transient cocycles, i.e. those for which the skew product action is smooth,
was proved in an earlier paper [6]. Thereby is produced a generic counterpart of
the known classification result for cocycles of countable amenable group actions
on Lebesgue space in terms of associated Mackey actions. The latter result in
its most general form for cocycles with values in locally compact groups was
established in a series of papers [2], [7], [8], [9] (starting, in fact, from Krieger’s
classification of hyperfinite type III equivalence relations {13]). One should note
also the main distinction: the generic case assumes nothing like amenability for
group actions in the measure theoretic setting.

Among other previous results we mention a classification of cocycles taking
values in Polish groups with transitive generic Mackey actions [6]. The reader
is also referred to [5] for applications of the generic cocycle theory to such
problems as an outer conjugacy for homeomorphism groups and a classification
of subrelations of generic equivalence relations.
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1. Background and preliminaries

Throughout this paper X stands for a perfect Polish space. Recall that X is
a Baire space, i.e. any open nonempty subset of X is nonmeager ([14]). Any
Gs-subset of X is again Polish in its relative topology ([14]).

The following proposition is to be applied below without mention.

PropPOSITION 1.1 ([14] or [5]): Let Y be a Baire topological space and A, CY
(n € N) be a countable family of sets having the Baire property. Then there
exists a dense Gs-subset Z of Y such that A,|, is open in Z for alln € N.

A Borel bijection © of X is called a pseudo-homeomorphism if Oy is a
homeomorphism of Y for some dense G5-subset Y C X.

Two Baire spaces ; and 2y are said to be pseudo-homeomorphic if there
exist meager sets M C 1, N C Q2 with Q; \ M being homeomorphic to Q3 \ N.
It should be noted that any two perfect Polish spaces are pseudo-homeomorphic
(see [19]).

For an equivalence relation R on X let R[A] denote the R-saturation of A C X.
If G is a group of bijections on X, let Rg = {(z,92): z € X,g € G}. The R¢-
saturation of A will be denoted by G[A]. A set T' C X is called a transversal for
R if it meets each R-equivalence class at exactly one point. A Borel equivalence
relation R is smooth if there exists a Borel map f: X — Y, where Y is a
standard Borel space, such that (z,2') € R & f(z) = f(z').

Given two actions U;(G1) and Uz(Gz) of groups Gi,G2 on X, denote by
{U1(G1),U(G2)} the group of transformations of X generated by these two
actions.

Let R be a countable Borel equivalence relation on X. R is called generic
if it is generated by some countable pseudo-homeomorphism group I of X, i.e.
R = Rr. Suppose that a countable Borel equivalence relation R on X satisfies
the following condition: the saturation R[M] of any meager set M C X is
meager. It was shown in [19] that in this case R is generic. Moreover, there
exists an R-invariant dense Gg-subset Y C X such that Rly «y is generated by
a countable homeomorphism group of ¥ ([19]).

Actions of countable groups Gy,G2 by homeomorphisms of X are generi-
cally orbit equivalent if there exists a pseudo-homeomorphism © of X with
O(Rg, [z]) = Rg,[O2] for all x from some comeager subset of X. In other terms,
the equivalence relations R, and Rg, are isomorphic.

Actions (Q, W1(G)), (2, W2(Q)) of a group G, with O, being Baire
spaces, are generically isomorphic if there exists a homeomorphism © be-
tween invariant comeager subsets 01 C Q1,02 C Q, such that OW; (9)07 1w =



86 V. KULAGIN Isr. J. Math.

Wa(g)w for all g € G and all w € Qs.

From now on R stands for a generic countable equivalence relation on X.
The set of its automorphisms Aut R consists of pseudo-homeomorphisms © of
X such that ©(R[z]) = R[Oz] for all z from some comeager subset of X. The
set Int R of inner automorphisms of R is

{© € Aut R: (Oz,z) € R for all z € X from some comeager subset of X}.

Suppose now that R is generated by a homeomorphism group I'. We say that
7 € Int R is strongly -decomposable on X if there exist a clopen partition
{4;} (j = 1,2,...) of X and a sequence {y;} C T (j = 1,2,...) such that
Tz = vz for x € A;.

A homeomorphism group G of a second countable Baire space ( is called
ergodic if there is wy € Q) with Gwy dense in 2. Equivalently, any G-invariant
set having the Baire property is either meager or comeager. Modulo meager sets,
every orbit of an ergodic group G is dense (see [20], [6], [11]). An equivalence
relation R on X is said to be ergodic if G is.

THEOREM 1.2 (Sullivan-Weiss—Wright, [19]): Let G1, G be countable ergodic
homeomorphism groups of a perfect Polish space X. Then, modulo a meager
subset of X, R, and R¢, are isomorphic (or, in other terms, G and G are
orbit equivalent).

For R a generic equivalence relation let R denote the equivalence relations on
X which is called the generic ergodic decomposition ([20], [10]):

(z,y) € R & R[z] = Ry.

We recall some properties of R (see also [6]). Every R[z] is a Gs-subset of X
and, moreover, Ris a Gg-subset of X x X. If Tis a homeomorphism group that
generates R then the action of I' on every 52[3:] is minimal. This permits us to
consider the equivalence class 52[:6] as an ergodic component of & with respect
to the T-action. Let §2 be the topological factor-space X /52, ¢: X —  the
projection. It has been shown in [6] that ¢ and © have the following properties:
¢ is an open map, €} is a Baire, second countable Ty-space. For any meager
S C Q, $71(S) is meager too, and for any meager R-invariant L C X, o(L) is
meager.

PROPOSITION 1.3 ([6]): Let R be a generic equivalence relation on a perfect
Polish space X, R C X x X a generic ergodic decomposition of R. Then
there exists a dense R-invariant Gs-set X' C X, a closed set T in X' that is
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transversal to R on X' , and an open continuous map m: X' — T, where T is
given the relative topology, such that (z,y) € R & w(z) = #(y).

Thus, from the generic point of view, one may suppose that the factor-space
X/ R of the ergodic decomposition is homeomorphic to T' (so is Polish).

Let T be a countable homeomorphism group of X. Suppose that the 5~2p—
transversal from 1.3 is a perfect space. Then X is said to be a purely con-
tinuous (resp. discrete) [-space if every Rr-orbit is a perfect (resp. discrete)
space. By [6, 2.5], modulo meager sets, X always admits a decomposition as a
union of clopen subsets X = X; U X5 so that X; is a discrete [-space and X,
is a purely continuous I'-space. We note also that the discreteness of a I'-space
X is equivalent to having Rr is smooth modulo meager sets.

A Borel map a: R — G is called a cocycle of R with values in a Polish group
G if for some R-invariant dense Gs-subset Y of X, a(z,y)a(y, z) = a(z, 2) for
all (z,9), (y,2) € Rlyxy. The set of all cocycles of R with values in G is denoted
by Z'(R,G) (with the identification of cocycles which differ only on a meager
subset of X). Two cocycles a,8 € Z1(R,G) are cohomologous (o ~ f), if
there exists a Borel map f: X — G such that a(z,y) = f(z)B(z,y)f(y) ™" for
all (z,y) € R modulo a meager subset of X.

Let 6 be a homeomorphism of X without fixed points, f: X — G a Borel
map. We will denote by c¢(f) € Z'(Rz,G) a cocycle defined by the follow-
ing: ¢(f)(z,0™z) = f(z)-...  f(@" 1) if n > 1, c(f)(z,0"z) = eif n = 0,
o(f)(z,0mz) = F(O12) " ... fOm2) Vifn < ~1.

Given an a € Z'(R,G), a skew product equivalence relation &, on X xG
is defined by ((z,91), (y,92)) € &, iff (z,y) € R and a(y,z) = gag1 ~*. Suppose
that R is generated by a homeomorphism group I" of X. Then &, is generated
by a skew product action of I' on X x G: y(a)(z, g) = (yz,a(yz,z)g) ([5]).
We denote this action by I'(a). Modulo meager subsets of X, the skew product
action is an action by homeomorphisms of X x G ([5]). A cocycle a € Z(R,G)
is called

1. ergodic if the skew product &, is ergodic;

2. regular if it is cohomologous to some ergodic cocycle with values in a

closed subgroup H of G;

3. transient if ['() is a discrete action ([6]).

Two cocycles a, 8 € ZY(R,G) are called weakly equivalent if there exists
© € Aut R with a & 50 (0 x ©). Obviously, each class from the above 1-3 is
invariant under weak equivalence.

Let V(G) denote the action of G on X x G defined by V(g)(z,h) = (z, hg™!).
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Clearly, this action commutes with the skew product action I'(a). Let &, be the
generic ergodic decomposition equivalence relation of €,. Let = (X x G)/€,
be the topological factor-space and ¢: X x G — {2 be the factor map.

Definition 1.4: The action W, (G) of the group G on the space 1 defined by

Wal(g)w = ¢(V(9)y),

where y € ¢~ (w), w € Q0,9 € G, is called the generic Mackey action
associated with the cocycle a.

Let us recall the main properties of this action (see [6]). W, (G) is a continu-
ous action. It is ergodic iff R is. It is easy to check that for weakly equivalent
cocycles o, 8 € Z'(R,G) the corresponding generic Mackey actions are gener-
ically isomorphic ([6, 3.1]). Thus this is an invariant of weak equivalence for
cocycles.

It follows from 1.3 (see also [6]) that for G countable one may consider the
generic Mackey action as an action on a Polish space. For a class of transient
cocycles with values in a countable group the generic Mackey action is a complete
invariant of weak equivalence ([6, Th. 22]). We note also that for any ergodic
countable group action W(G) on a perfect Polish space there exists a cocycle for
which the associated generic Mackey action is isomorphic to W(G) (the existence
theorem). In the case when W{(G) is free one may choose such a cocycle to be
either of transient or nontransient type, and when W{(G) is nonfree such a
cocycle is necessarily nontransient ([6]).

It follows from the definition that the generic Mackey action associated with
an ergodic cocycle is trivial. The following uniqueness theorem provides the
classification of ergodic cocycles {5] (cf. the uniqueness theorem for cocycles in
measurable dynamics [7]):

THEOREM 1.5: Suppose the cocycles a, 8 € Z*(R,G), where G is an arbitrary
Polish group, are ergodic. Then they are weakly equivalent.

It is also shown in [6] that regularity of a cocycle @ € Z}(R,G) is equivalent
to transitivity of the generic Mackey action W, (G). In this case W,(G) is a
natural action of G on G/H, where H is a closed subgroup of G, and it is a
complete invariant of weak equivalence for regular cocycles with values in an
arbitrary Polish group G.

The following proposition is an analogue of the topological Fubini theorem
for open maps. We will use it and its simple corollary in our subsequent con-
siderations mainly in an implicit form.
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PROPOSITION 1.6 ([16]): Suppose Z, S are Polish spaces, p: Z — S is a
continuous open surjection, and A is a Baire subset of Z. Then A is meager if
and only if {s € S: ANp~1(s) is nonmeager in p~1(s)} is meager in S.

COROLLARY 1.7: Let O be a pseudo-homeomorphism of a perfect Polish space
Z and S a closed transversal of a generic ergodic decomposition RonZ. Suppose
that 3~2[s] is ©-invariant for every s € S. Then there exists a meager R- and
O-invariant F,-subset M such that the following is true on Z \ M: 915{[31 isa

homeomorphism of R[s] for each s € S.

2. A classification of cocycles

In this section we prove our main result on classification of cocycles (Theorem
2.2). We remind the reader that it is implicit that everything is considered
modulo meager sets.

Throughout this section G will stand for a countable group, R = Rr an ergodic
generic countable equivalence relation generated by a countable homeomorphism
group T. For a € Z!(Rr,G), we denote by , the factor-space (X x G)/&,.

Let

R, G) = {{(z,9),(=",9): (z,2') € Rr, 9,9’ € G}.

Then Ryr(a),v(ayy = R(T',G) for any a € Z'(Rr,G). Given any a € Z'(Rr,G)
we define a cocycle v, € Z'(Rir(a),v(c)}>G) by

va(V(gl(a)(x,9),(2,7) = g.

It is well-defined because the relation V(g7 'g2)(v; 72)(@)(x, g) = (x, g) implies
7 99z = z. Thus a(y; 1122, z) = e and hence g; = gs.
First, we state the following auxiliary proposition:

PROPOSITION 2.1: Two cocycles a, 8 € ZY(Rp, G) are weakly equivalent if and
only if the cocycles g, and ¢p are weakly equivalent.

Proof: Suppose o®z,®z') = ((2)B(z,2')((z')"" for all (z,2') € Rr, where
® € AutRr, ¢ X = G is a Borel map. Define a map ©: X x G - X x G by
O(z,9) = (9z,{(x)g). Then it is routine to verify that ® € Aut R(I',G) and
P o (0 X0) =y,

Suppose ¢, (02,02") = ¢(2) (2, 2')¢(2') for all (z,2') € R(T,G), where
© € Aut R(I',G), {: X xG — G is a Borel map. Let vz = (7x 0 ©)(z,e), where
mx denotes the projection X x G — X. Then v: X — X is a continuous map
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with v=!(z) at most countable for any € X. Let U be a proper clopen subset
of X with Y = v~!(U) being a proper subset of X. Let

Ro ={(y1,92) €Y xY:vy; = vyo}.

Then R, is a smooth generic subrelation of Rr|y xy and hence it is of discrete
type ([6]). This implies that there exists a clopen R,-transversal B with v: B —
U a homeomorphism ([6]). By virtue of [19, 1.6] there exist homeomorphisms 4,
& € IntRp with 6 =671, =671, 6B =X\ B, §v(B) = X \ v(B). Define a
homeomorphism ®: X — X by setting: ®x = vz for z € B, &2 = (§' ovod)z for
z € X\ B. Then ® € Aut Rr. It is easy to see that (® x id)0~! € Int R(T, G)
50 © = 7(® x id) for some 7 € Int R(T", G). Hence for (z,2’) € Rr one has

0a(0(z,e),0(z', €)) = o (T(® x id)(z,€), (1(® x id){(z', €))
=pa(7(®2,€), (D7, €))p0 (D2, €), (B2, €))pa((®2, €), T(®2, €))
=¢(z)o(®z, Ba')(2')

where £(2) = o (T(®2, €), (®2,€)), s0 & X = G is a Borel map.
On the other hand

9a(O(z,€),0(2',€)) = ((z,€) " pp((z,€)(a", €))((a' )
= ((z,e) 7' Blz,z){(c €).
Thus
&(2) 7 {(z,0) 7 Bz, 2 ){(e e)é(2') = o(a, @)
for all (z,z") € Rr. [ |

THEOREM 2.2: Let R be an ergodic generic countable equivalence relation on
a Polish space X and G a countable group. Two nontransient cocycles a,
B € ZY(Rr,G) are weakly equivalent if and only if the generic Mackey actions
Wo(G), Ws(G) are (generically) isomorphic.

Proof: If a is weakly equivalent to 8 then W,(G) is generically isomorphic
Ws(G) by [6, 3.1].

Suppose now that the generic Mackey actions W, (G), Wg(G) are isomorphic.
One may assume that €1, is homeomorphic to {lg and is Polish (by the count-
ability of G and 1.3, see also [6]). It follows from the ergodicity of W, (G) that
Q, is either perfect or countable discrete space. In the second case W, (G) is
a transitive action and the cocycles a, 8 are weakly equivalent by [6, 3.7,3.8].
So we assume in the sequel that Q, is a perfect Polish space. Since a, § are
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nontransient cocycles, the skew-product actions I'(a), T'(3) are both of purely
continuous type ([6]).

Let Z = X x G and we hold this notation in all cases of discarding a meager
subset from X X G.

By virtue of [6, 2.4] there exists a closed transversal S, of the equivalence
relations €, such that S, is homeomorphic to {1y, the projection ¢,: Z — S, is
open and continuous. Let Sg be a Eg—transversa,l with similar properties. One
may think that W,(G) is an action on S,, W(G) on Sz. Let p: Sg — S,
denote the homeomorphism realizing the isomorphism of the generic Mackey
actions W, (G) and Ws(G), i.e. pW3(G)p™! = Wo(G).

We suppose also that for every g € G the set {s € S: W,(g)s = s} is clopen
in Sy (see 1.1).

It will be convenient for a while to distinguish the spaces on which ¢, and
@p are defined. Denote them by Z, and Zg (so that both Z,, Zg are pseudo-
homeomorphic to X x G).

Let H;, = {g € G: Wy(g)s = s} denote the stability group at s € S,. It
should be noted that the family {H,}scs. has the following property (modulo
meager subsets of S, ): for every s € S, and every g € H, there exists a clopen
neighborhood O of s with g € Hs for all 5€ O.

It is easy to see that E4[2] is a V (H, #(z))-invariant (closed) set for every z € Z,.
We denote by RE, C €4[5] x €4[s] an equivalence relation on &,[s] generated by
the two actions: I'(a) and V (H;). Define a cocycle AS, € Z' (RS, H;) by

Ag = SOaly:Y .
LEMMA 2.3: A} is an ergodic cocycle.

Proof: 1t easily follows from the ergodicity of the action I'(a) on Ea[s]. | |

The following property of the family of cocycles {5 }ses, will be used in
the sequel without mention: for every s € S,, g € H, there exists a clopen
neighborhood O of s with A3 (V(g)y(a)t,t) =g foralls€ O, t e Eu[sl, yeT.

Define a relation H, on Z, by

Ho=|J R
$€Sa

Note that Ho = Rir(a),v(c) N ga, so Hy is a generic (Borel) equivalence
subrelation of R(r(a),v()}- Besides, the generic ergodic decomposition H, of
H, coincides with €.
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Let H, be a countable pseudo-homeomorphism group of Z, generating H,
(thus H, C Int Rip(q),v(c)})- By virtue of 1.6, one may assume that H, is a
homeomorphism group of Z,.

Define a cocycle A, € Z}(Hq4,G) by

Ao = <Pa|?-ta-

The same objects {fRf}sesﬂ, Hg, 'ﬁg, Hg, {A\3}ses,, Ag for the cocycle f are
to be constructed in a similar way.

By Proposition 2.1 it suffices to prove a weak equivalence of ¢, and ¢g. For
this, we first show that the cocycles A\, and Ag are weakly equivalent.

PROPOSITION 2.4: There exists a pseudo-homeomorphism ©: Zg — Z, such
that (O x ©)H, = Hp and

)\a (21, Z2) = /\5(@21, 922)

for all (z1,22) € H, modulo a meager subset of Z,,.
We need some preliminary results of a technical nature.

LEMMA 2.5: Let T" be a countable group and Z a purely continuous (non-
ergodic) perfect Polish I'-space. Let S be a closed Rp-transversal on Z, {s1}2,
a countable dense subset of S. Suppose that M is a meager F,-subset of Z with
Re{M] N {sx}32, = 0. Then there exists a dense Rp-invariant Gs-set Y C Z
with M C Z\Y,Y D {sx}2,, Y being a purely continuous I'-space, SNY a
transversal for Rr ly xy-

Proof: One easily checks that Rp[M]N .S is meager in S. Let
My =Re[Re[M]NS], M. =Rp[M],

so that My, M, are meager F,-subsets in Z. Then the set Y' = X \ (M1 UMy) is
a Rr-invariant Gs-subset of Z containing {s;}52,, and SNY' is a Rp-transversal
in Y’ (recall that jvzr‘y/xyl = jv%ny,). Let D be the set of points from SNY’
with discrete Rpy ,-orbits. Then the set of all points from Y’ with discrete
Rr),,-orbits is D = Rpy,, [D]. Note that D N {s;}32, = 0. Indeed, if Rpy,, [s]
is discrete then the F,-set Rpr[M] N Rp[sk] is nonmeager in Rr[si]. So it has a
nonempty interior in Rr[sy] and s, € Rp[M] for some v € T' that contradicts
the assumption of the lemma. By [6, 2.6] D is F, in SNY’, which implies Dis
a meager F,-subset of Y. Put Y =Y’ \ D to complete the proof. ]
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LEMMA 2.6 (cf. [19, 1.5]): Let F, H be countable homeomorphism groups of a
perfect Polish space Z. Suppose that every h € H is strongly F-decomposable
on Z and the set {z: fz = z} is clopen for every f € F. Let T be a countable
dense F- and H-invariant subset of Z, and suppose that for every t € T and
every f € F there exists h € H with ft = ht. Then there exists a dense F- and
H-invariant Gs-set Y C Z containing T, on which F' and H are strongly orbit
equivalent.

Proof: See [19, 1.5] for a suitable idea. |

Remark: When Z is a purely continuous F-space and T = F[S¢], where S¢ is
a countable dense subset of a closed Rg-transversal S, one may choose Y to be
a purely continuous space again, and SNY a Rp-transversal on Y (see 2.5).

LeEMMA 2.7: Let ' be a countable group and Z a purely continuous (nonergodic)
perfect Polish T'-space. Let S be a closed fﬁp-transversal on Z such that the
projection ¢: Z — S is open and continuous. Then given any s € S there
exists a basis of neighborhoods B of s in Z consisting of clopen sets, such that
Re[B]NS = BN S, Rp[B] is clopen in Z for each B € B.

Proof: Given an arbitrary clopen neighborhood A of s the set Rp[4 N S] is
clopen in Z. Put B = ANRp[ANS). It is easy to see that Rp[B]N S =
BN S. Besides, Rr[B] = Rr[Rr[B] N S] = Rr[B N S, so Rp[B] is clopen.
Now the statement of the lemma follows from the fact that the family of clopen
neighborhoods of s forms a basis. |

In the sequel the elements of {0, 1}" will be denoted by u = (u1,..., in). We
also fix a metric on Z,. Let B(z,¢) denote a ball centered in 2 € Z, with the
radius €, and let diam(D) denote the diameter of a closed subset D C Z,.

LEMMA 2.8: Let S¢ = {s;}%2, be a countable dense subset of S,. Let 5} =
p (i), S§ = {8}y Let T = Ho[SZ]\ 8§ = {r:}2y, T = Hg[SH]\ S8

=1

{7i}2,. Then the following conditions are satisfied simultaneously:

1. There exist a sequence of pairwise commuting homeomorphisms { fn, }2°_;
C Int M with fn, = f, " for alln € N.

2. There exists a refining sequence of clopen partitions of Zg:
{{K™u) : p € {0,1}"}}52, such that K™(u) = K™t (,0) U K™ (p, 1),
p€{0,1}™

3. ff ... ferK™0) = K™(p), p € {0,1}™.

4. Sq C K™(0) for alln € N.
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5. K*(0) = Uf;_’__l Ly, where each Ly 4 is a clopen subset of Z, with
diam(Ln,g) < 1/n, Ln,g N Sa = HalLn,g] N Sas Lng N Lnp =8 (g # p).

6. {r1,....m} C{f"... f522S%: p €0, 1}2"}

7. There exist similar objects on Zg: {fn}3,, {I?"( p e {0,112,
{{Ln, q}g21 }oxy associated to 3 such that the conditions analogous to 1-6
are true for them.

8. Aa(fH .. finz,2) = Ap(f* ... fn3,3) for all p € {0,1}", n € N, and all
pairs (z,) € K™(Q) x K(0) with ¢a(2) = p(65(2)).

Proof: We begin with the following lemma.

LEMMA 2.9: Under the assumptions of Lemma 2.8, suppose A, B are clopen
disjoint subsets of Z, such that ¢,(A4) = ¢o(B), & So — G is a continuous
map. Then there exist a dense H,-invariant Gs-subset Z, C Z, which is a H,-
space of purely continuous type, Z; D S2, and a homeomorphism & of Z, with
the following properties on Z;: 6 € Int H,, 6 = 671, A = B, § = id outside of
AU B, and for every s € Su, \5(02,2) = &(s) for all z € ﬁa[s] NA.

Proof: Let Sg = Ha[SEIN A = {s}}32,, Sp = Ha[SEINB = {si}pey. Let
Q = ¢o(A) = ¢o(B). Recall that given any a € A, g € G, there exists h, € H,
such that .a € B and Aale) (ﬁa, a) = g (the ergodicity of A3).

Choose h; € H, with hys} € B and Aga(s;)(ﬁls’l,s’l) = &(Pals))). We
claim that there is a clopen neighborhood Uy of si with Uy G A4, Uy G B,
Ao (h1u,u) = £(@q(sy)) for all u € Uy, and such that the following condition is
satisfied:

For each a € A\ U; there is h € H, with K'a € B \TLlUl,

I - - -
( and for each b € B\ hU; there is h" € H, with h"be A\ U,.

Indeed, the set H,[s}] N A is infinite, so there exists hy € H, : his) € A and
h1s, # 5. Let Vi be a nexghborhood of s}, with V1 C Aand ViNnhV = 0.
Similarly there exists hy € Hy: h2h131 € B and h2h131 # hls1 Let V5 be a
neighborhood of h1 sy with V3 g B and Vo NhyV, = 0. Now choose a clopen U
such that Uy C V; and U, C Va.

Let 3'1: be the first term in the enumeration of Sp that belongs to B\ 711 Uy.
The ergodicity of A%, (s € S,) and the condition (f) imply that there exists
h;' € H,: h21 k; € A\ U1. Find a clopen neighborhood Uz of hyls! , with
Uz G A\Uy, halUs G G B\R1U, Ao (hou,u) = £(¢a(sy,)) for u € Uy, and slxch that
the condition similar to (I) holds: for each @ € 4\ (U; UU;) thereis h' € H,:
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hae B\(Tlel UE‘zUz), and foreach b € B\(ElUl U?L2U2) there exists k' € Hy:
R'b € A\ (U UUs,). Now proceed by induction. For m odd find the first term
s}, in the enumeration of S4 such that 85,. € A\(U1U---UUp,_1) together with
a clopen neighborhood U, of ~53~m and h,, € H, which satisfy a condition similar
to (I) and the condition Aq (hmu,u) = &(¢a(s),,)) for all u € Up,. If m is even,

find S;cl,n“’ hm+1 and Up41 with the same properties. As a result we obtain
Sa C U, Un C 4, Sg C UZ_; hmlUn C B. Put Zy = U2, (U U hnUn).
Then the set F = (AU B) \ Z; is closed meager in Z, and Ho[F]N S =0. It
remains to apply 2.5 to find a desired set Z; on which a homeomorphism 4 is
defined by: 6z = humz if 2 € UnN 2y, 6z = hlz if 2 € hyUnN Z1, 62 = 2 if
z€ Z;\(AUB). ]

Return to the Proof of Lemma 2.8: Let R%*[s] = {si }32,, where s; = sj.
Let Bi = B(sk,1/7). Proceed by induction on n. Let 7 = s? = hs; for some
h € H,. Apply 2.7 to find a clopen neighborhood A(s;) of s; with

A(s1) C BY, Ha[A(51)]NSa = A(s1) N Ss, A(s1) NhA(s1) = 0,

and H[A(s;)] being clopen in Z,. Let B = Ho[A(s1)]\ A(s1). It is easy to see
that ¢o(B) = ¢o(A(s1)). By virtue of Lemma 2.9, there exists a homeomor-
phism &, 1 € Int H, which satisfies: 4, = 51,1_1, d011A(s1) = B, 41151 = 71,
d1,1 = id outside of ﬁa[A(sl)], for each s € A(s1) N S,

Aa(01,12,2) = &11(8)

for all z € A(s1) N ’ﬁa[s], where & 11 ¢o[A(s1)] N Sy — G is a continuous map.
At that one may provide that Z, remains an H,-space of purely continuous
type. We set L1 1 = A(s1). Construct f; and L; 4 by induction. Describe the
g-th step.

Let k, = min{k: s, ¢ U’Z] L1,}. Suppose 5, = Ekqs}cq. Choose a clopen
neighborhood A(s}, ) of s, with

qg—1
A(skq) C B,lcq n (Za\ ( U Ll,i>),siq ¢ A(s}cq), and A(s}cq) n hkqA(s}cq) =0.
=1

Use the same argument as above to find a clopen L; 4 C A(s}cq) and a homeo-
morphism 6; 4 = 51’(,_1 € IntH, with the following properties: L, 4 D skq,
L1,4N Sa = HalL1,d N Sa, HalLu,q] is clopen in Za, 61,4L1, = HalL1,q] \ Li.q.
81, = id outside of Ho[L1,q], for each s € Ly ;N S,

/\a((sl,qu" Z) = §1,q(5)
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for all z € Ly , N Hals] and some continuous map & 4: L1 o N Sa = G. Note
that at each step Z, remains a purely continuous H,-space, and S, remains an
H,-transversal on Z,.

One has [J;2, L1,y D 83. Define

(e o]

KI(O) = U Ly,q, Kl(l) = U(ﬁa[Ll,q] \ L1,q),

g=1 g=1

fiz = d142 for z € ﬁa[Ll,q], §is = &8 for s € L 4N S,. Note that
’ﬁa[Sa \ (U2, L1,i)] is meager F, in Z, and apply 2.5 to finish the first part of
our inductive construction for A,.

Using the same arguments as above, the fact that /\fi is ergodic, and Lemma
2.9, construct the families {flvq}‘;"zl, {Sl,q}g‘;l C Int Hg with

As(81,4%,2) = (610 9)(5(3))

for all £ € Hg[L1 o]. Define K*(0) = UpZ, L1,4(2 82), K*(1) = U2, (Ha[L1.q]\
Ly,g), frz = 01,42 for z € Hg[L1 4], and apply 2.5. By our construction

Ms(f12,2) = (€10 p)(86(2)) = Na(f12,2)

for all (z,%) € K1(0) x K1(0) with ¢o(2) = p(#5(%)).

Describe the (n+1)-th step. Denote f(u) = f{"-...- fin, f(g) = f{“ - f#"
Suppose n is odd.

Suppose Tpy1 € K™(pu). If p = 0let ' = 7pyy, else let n' = f(p)rnys. I
n' € 8% let n = 7;, where 7; is an arbitrary element of YNK™(0)\ {71}, otherwise
n=1' N

Suppose nn = h(m)s}n (ht™ € H,). Similarly as at the first step, find a clopen
neighborhood L1 1 of s., with the following properties:

Lny1,1 C K™(0) N By,

R™ L4110 € K™(0),

Lnyi, ﬂTl(m)Ln+1,1 =,
HolLn+1,1] N Sa = Ln1,1 N Sa,

Ha[Ln41,1]) is clopen.

Consider B = (Hqo[Lnt11] N K™0)) \ Lnt1,1. Then ¢o(B) = ¢o(Lni1,1)-
Apply 2.9 to the sets B and L,41,1 to find a homeomorphism 8,411 € Int H,
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with: dny11 = brt11r Onst1lniry = B, Sny118h, = 0, b1 = id on
Zo \ (Ha[Ln+1,1] N K™(Q)), for each s € Lyy1,1 N S,

/\a(5n+1,12ﬁ Z) = fn+1,1 (3)

forall 2 € Lpi11 N He [s], where £n41,1: Ly+1,1 N Se — G is a continuous map.

Proceed in the same way as at the first step to construct the families
{Ln+1,0}322, {0n+1,0}522: {€n+1,4}g=2 Wwith the following properties: every
L1, 18 taken within K™(0), diam(Lp+1,4) < 1/(n + 1), the homeomorphism
bn41,q interchanges Lyy1 4 with (Ho[Lnt1.4) N K™(0)) \ Lny1,4 and is identical
outside of Ha[Ln41,4) N K™(Q). Define:

E™0) = | Lnj1,(D 59,

g=1
fo o]

K™1(0,1) = | (HalLnt1,4] N E™0)) \ Lnt1,q)s

q:l
fn+lz = 6n+1,qz for z € ﬁa[Ln-l—l,q] n Kn(g),

frriz = f(Wfn f()z forz € K*(p),p #0,
€n+18 =E&nt1,45 for s € Lpy1,4N Sa,

K™ (p,0) = f(WK"(0),

K™ (1) = f(W K™ (0, 1)(p € {0,1}7).

After that, construct {En_,_l,q}‘q";l, {I? "t} Fnt1 similarly, but with

As(Fr412,2) = (€nta 0 p)((3)

for all Z € K™*1(0).
For n even, the construction is the same but starting with the consideration
of the point 7,,41. Thus, the condition 6 also holds. [ |

Proof of Proposition 2.4: From now on let K stand for the space {0,1}N. For
v € @y Zz denote by C™(v) the set {a € K: a1 = v1,...,an = vy} (the cylinder
of length n), and by |v| — max{n: v, # 0}.

Denote by F (resp. F) the group generated by {f(w): p € {0,1}",n € N}
(resp. {f(g) p € {0,1}",n € N}). It follows from 2.8 that H,[S¢] = F[SZ].
Apply Lemma 2.6 to the groups H,, F, and to the set T = H,[S%]. Then,
without loss of generality, one may assume that H, and F are strongly orbit
equivalent on the purely continuous space Z,. The same is true for the groups
Hg and F (on Zg).



98 V. KULAGIN Isr. J. Math.

Note that K™(0) C S(1/n), where S(e) denotes the e-neighborhood of the
closed set S, (in the same metric on Z, as above). It follows that S, =
Ny K™(0). Hence for every p € {0,1}" one has

(1) fWSa= ) E™u0,...,0).

m=n+1

For every z € Z, there exists a uniquely determined sequence {u"}52,
(u™ € {0,1}™) such that 2 € (N ; K™(p™). This implies that the map Oq: Zy —
So x K

B4 (2) = (¢a(2): (41,1 ny - ),

where (u1,. .., itn) = p", is well-defined.

One easily checks that ©, is continuous. We claim that @, is a homeomor-
phism from H,[S,] (with the relative topology) onto Sy x @y Z2 (with the
relative topology inherited from S, x K). The bijectivity of ©, easily follows
from H,[S,) = F[S,]. It remains to show the continuity of ©,': S, x Py Z2 —
H,y[S4).

Suppose that (rj,u?) = (r,p) (7 = o0), where rj,7 € Sa, Wi € Dyl
For an arbitrary m > |u| consider a cylinder C™ = C™(g,0,...,0) of length
m. Then there exists N; € N with p/ € C™ for all j > Nj. Since r; € K™(0)
for all j, one has f(u)f(u/)r; € K™(Q) for all j > Ni. As K™(0) = U2, Limnyg,
T € Ly q, for some qo. Hence there exists Ny > N; with r; € Ly, 4, for all
j > Ny. We claim that f(u)f(u?)rj € Lim,q, for all j > N;. Indeed, otherwise
F(W ()5 € Lm g, and then ¢a(FW)F()r)) = 15, 50 1; € FalLmg). But
Lin,giNSa = HalLm,g]NSa, 807 € L q, that is impossible (Ly goN L q, = 0).
Hence for all j > N, and for some s;, € S% we have f(p)f(p?)r; € B(sg,1/m) C
B(r,2/m). This proves that f(u)f(p')r; = r (j = o), so f(p)r; = f(p)r
(G = ).

Apply Lavrentiev’s Theorem ([14]) to find an extension of ©, to a homeomor-
phism of two Gs-sets: ©,: Zy — Ko, where H,[So] C Zo C Z4, Sa X @nZ2 C
Ko C S, xK.

Let us consider a dense H,~invariant Gs-subset of Z,: 71 = Zo\(Ha[Za\ Zo)).
It is a purely continuous H,-space containing S, as a ’rqa—transversal. Let
K; = 0,(Z,); this is a dense Gs-subset of S, x K. From now on we consider
6, as a homeomorphism from Z; onto K;.

Denote by a?(@yZ2) the action of @y Z2 on the second coordinate of
S, x K:

a? (p)(s,2) = (s,p+1).
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For every p,v € @y Z2 one has O, f(1)0;" = al® (p)(s,v). It follows that K;
is @y Za-invariant, and a'? (p)|k, = O, f(1)O;". Hence the groups 0,H,0;*
and a®(@y Z2) have the same orbits on Kj. It should be also noted that
Ou(Hals]) = ({s} x K) N K. R )

Similarly construct a homeomorphism ©4: Z; — K;, having the same
properties as ©,, where Hg[Ss] C Zy C Zg, Sg X DnZ: C K C Sp x K.
One may assume without loss of generality that K1 = K. Let

0=0"0(pxid)oOp: Z; = 2.

Then © x ©: H, = Hp is an isomorphism, and the cocycles A, and Ago (O x ©)
coincide by 2.8, 1.8. |

Remark: One can observe from the proof of Proposition 2.4 that any non-
ergodic purely continuous action of a countable group is orbit equivalent to
the natural action of @yZ2 on Y x {0,1}", where Y is a Polish space. This
fact, together with [6, prop. 8,10] and [19, Th. 1.8], gives us a complete generic
orbit classification of countable homeomorphism groups of a Polish space (in
particular, it implies that an equivalence relation generated by an arbitrary
countable homeomorphism group of a Polish space is generically hyperfinite (cf.
[12, 12.1])).

Now turn to a proof of weak equivalence of ¢, and ¢g.

It follows from the proof of the previous proposition that one may assume
Se =S3=8,72, = Zg =8 xK = Z modulo meager sets, and W,(G) =
Wg(G) = W(G) is an action on S. Besides, Ho, = Hg = Reav@,z,) C
(S X }C) X (S X )C), )\a = /\5 =Aon Ra(z)($ﬂz2).

Let

Va(G) = 0aV(G)8a ™", Va(G) = ((p x id) 0 @)V (G)((p x id) 0 ©p) ",
Ea(T) = 0a(T(@)@a™",  Es(T) = ((p x id) 0 ©p)(T(8))((p x id) 0 ©p) .

Note that V,(G) and V3(G) normalize the action a®(@yZ2) (ie. Va(G),
V5(G) C Aut Re@1(@, z,))- Transfer the cocycle g (resp. pg) by O, (resp. by
(p x id) 0 ©p) onto the equivalence relation on S x K generated by a(? (DnZ2)
and Vo (G) (resp. V3(G)). We keep the notation ¢, for the cocycle

9a 0 (07! x 0,71) € ZHRpe1 (g, 22),Vaia)} §)-

The same agreement applies to ¢g. As above, ¢ denotes the projection
SxK—=S.
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We need the following lemma formulated in a more general context.

LemMMa 2.10: Let W{G) be an ergodic action of a countable group G by
homeomorphisms of a perfect Polish space S. Then there exists a cocycle
¢ € Z'(Rw(q),G) such that W(c(s2,s1))s1 = s2 for all (s1,82) € R (q)-

Proof: By virtue of [19, 1.8}, there exists an ergodic homeomorphism 6 of S
generating the equivalence relations Ry (). Let 01,02: G x § — S be (Borel)
maps defined by: o1(g,s) = W(g)s, 02(g,s) = 8s. Then the set

A={(g,s) € G x S:01(g,5) = 02(g,5)}

is Borel, and w(4) = S, where 7 is the projection G x S — S. Therefore
there exists a Borel B C G x S such that m: B — S is a bijection ([11]). Let
By, = n(BN ({g} x S)). Define a map §: S — G by £(s) = g if s € By. Then
the cocycle ¢ = c(€) € Z'(Rgg), G) constructed by means of £ (see Section 1)
satisfies the conditions of the lemma. |

LEMMA 2.11: Let A, B be clopen subsets of Z with ¢(A) N¢(B) =0, {sx}32,
a dense subset of S. Let é € Int Ry () be a homeomorphism of S with § = 1,
6 = id outside of ¢(A) U ¢(B), and 0¢(A) = ¢(B). Then there exists & €
Int fR{a‘i’(@”Zz),Vn (G)y With the following properties: § = 6-1, 8 = id outside of
AUB,8A =B, foreachz € Z:

5z = Va(c(86(2), $(2))) Ea(7)2

for some y(= 7(z)) € T, where ¢ € Z'(Rw(g),G) is a cocycle from Lemma
2.10. If then some meager set is discarded from Z, one may provide every set
{s1} x K remains comeager in K.

Proof: Let {An, }m<n be a disjoint family of clopen subsets of S with | J,, Am =
#(A), s = W(gm)s for all s € A, and some g, € G. One may assume that
every set A x = {8 € Am: ¢(W(9gm)s,s) = gm,x} is clopen. It suffices for every
m, k to interchange (¢(Am ) X K) N A and (¢(W (gm,k)Am,x) X K) N B using
elements of the group E, (') and the homeomorphism V(g k). It can be done
by the same methods as in the proof of Lemma 2.9. |

It will be convenient also to identify S with X, on which the natural action
of @y Zs, say u(@y Z2), generates the same equivalence relation as W(G) (see
[19, 1.7]). Thus one has Z = K x K modulo meager sets.
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Fix a (dense) orbit W(G)sg, (so € S). One may assume without loss of gener-
ality that by the identification of S with K, so = 0 and W(G)so = {s,} ,e@, 22>
where s, = u(p)so ([19,1.7, 1.8]). Let to = (s0,0) € S x K.

There exists t; € C*(1) x C*(0) with (t1, Va(c(s1,50))t0) € RE, (r) (here and
below c s a cocycle from Lemma 2.10). Similarly, there exists t; € C'(1)xC*(0)
with (a, Vg(c(sl,SO))to) € REB(F)'

Use 2.11 to find a homeomorphism p(1) € Int R0 (@, 22),Va(c)y With the
following properties: p(1)™" = p(1), p(1)to = t1, H(1)(C*(0) x K) = C1(1) x K,
and for every (s,k) € Sx K

B(1)(s, k) = Va(c(u(1)s, 5)) Ea(7)(s, k)

for some v = (s, k) € T.
Define:

M*(0;0) = C*(0) x C}(0), M'(1;0) = 5(1)M*(0;0),
M'(0;1) = C1(0) x C'(1), M'(1;1) = B(1)M'(0;1),
p(0;0) =1d,

p(1;0) = p(1),
p(0;1)z=a®P 1)z for z € C'(0) x K,
p(0;1)z = p(1)aP(1)p(1)z  for 2 € CH(1) x K,
p(1;1) = p(0; 1)p(1;0).

Construct {ﬁ(jl;jg),]/\l\l(jl;jz): J1,J2 € {0,1}} associated to B in the same
way.

At the n-th step of the inductive construction, consider s;, where ¢ =
(0, R § X 1), igl = n, and find ti e cn! (Q) X Cn_l(Q) with (ti’ Va(C(Si, So))to)
€ Rg,r)- By virtue of 2.11 there exists a homeomorphism p(n) €
Int R¢s01(@, 22),va(6)} Which has the following properties: )" = pn),
p(n) = id outside of C™1(Q) x C"~(0), p(n)to = t;, p(n)(C™(0) x C*1(0))
= C™(i) x C*1(0), and for every (s,k) € C*~1(0) x C"~1(Q)

p(n)(s, k) = Va(c(u(i)s, s)) Ealy)(s, k)

for some v = v(s,k) € T.
Define

M™(0;0) = C™(Q) x C*(Q), M"(;0) = p(n)M™(0;0),
M™0;8) = C™(0) x C™(&), M"(2) = p(n)M™(0;3),
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M™((p, 51); (&, 52)) = p(p; L)M™((0, 71); (0, J2)),
p(0;0) =id,
p(3;0)z = p(n)z for z € M™1(0;0),
p(0;1)z = a@ ()2 for z € C™(0) x C*1(0Q),
p(0:8)z = p(n)a® @)p(n)z for z € C™(i) x C"~1(0),
p((p, 71); (2, 72))z = p(p; L)p((0, 51); 0)p(Q; (0, 52))p(p; v)z for z € M™ ' (p;v),

where p,v € {0,1}"1, 51,72 € {0,1}.

It should be noted that p(u, ({s0} x BnZ2) = a®(DyZo)[t,] because
Va(G) normalizes the action a(? @N Zs).

Thus, at the n-th step we construct the clopen partition of Z:
{M™(w;v): p,v € {0,1}"} and the family of pairwise commuting homeo-
morphisms {p(;v): p,v € {0,1}"} C IntRzeng, z,),va(a)) With plgsv) =
(g v)™". Besides, one has p(u, v)M™0;0) = M™(u;v). Construct similarly
the same objects {p(u;v), Mr (1;v): p,v € {0,1}™} associated to 3.

It is not difficult to check that

p(g;v)—Hp ce By -, 0)5(0,. ., v4,...,0))

-Hp o) (0, )

for all u,v € {0,1}", n € N. So one may assume that p(-;-) is well-defined on
Dy Z2x Py L3, and, moreover, this is a @y Zz x Py Zz-action on Z by homeo-
morphisms. Observe that p(@PyZ2 x @y Z2)[to] = {a® (Dy Z2), Va(G) }to]-
Then 2.6 (or [19, 1.5]) implies that the groups p(@yZ2: x @PyZ2) and
{a® (@ Z2), Va(G)} have the same orbits on Z.

Consider the sets p(Py Z2 x By Z2)[to] and Py Z2 x Py Z2 with the relative
topologies inherited from Z and K x K respectively. Define a map

@a3p<®Z2 X @Zg)[to] — @Zg X @ZQ
N N N N

by
Ou(p(p; V)to) = (1)
Since to = [oe; M™(0;0) one has

o0

(s )to = N M™(@0,...,05(0,...,0)

n=max{|u), ¢/} +1
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Then by the standard arguments (see [19, 1.8] or Prop. 2.4 above) O, is a homeo-
morphism. By Lavrentiev’s Theorem ([14]), there exists an extension of O, to a
homeomorphism of Gs-sets: O4: Z1 — K1, where p(@y Z2 x @y Z2)[to] C Z1,
@DnZ2 x ByZs C Ky. Analogously, construct O having the same properties
as ©,. Arguing as in the proof of 2.4, we conclude that

E— —_— _1 —_—
0 =0, 205 Riso1(,22),V5(@)} ~ R{a@ (@, 22),Va(G)}

is an isomorphism.
Observe that, by our construction, ¢.(p(p;0)z,2) = clu(w)é(z),d(z)).
Therefore, if ¢(z) = ¢(Z), then

¢a(p(p; 0)2, 2) = p(p(p; 0)Z, 2).

Besides,

o (P(0; )2, 2) = A(a® ()2, 2) = a(B(0; )2, 2)
for all (2,2) € M™(0;0) x M™(Q;0)(= M"(G;0) x M"(0;0)) with ¢(2) = ¢(2),
p € {0,1}™. It follows that

Pa(P(p; )2, 2) = @p(P(p; V)7, 2)

for all u,v € @PyZz and all (z,2) € M™(0;0) x M™(0;0) with ¢(z) = ¢(2) and
n = max{|yl, [v|}. This implies

a0 (@s  xBy ) =ppo (@5 x B

50 o and g are weakly equivalent. |
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